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Abstract
Linear-response (LR) theory in combination with the first-principles band structure codes allows
to calculate phonons in an efficient way. In this report a formalism which enables us to apply LR
theory within an all-electron framework utilizing the relativistic full-potential linearized augmented
plane-wave (RFLAPW) method is presented. As first part, the equations for the calculations of
the atomic forces are given and they are used for the calculation of forces in a-Pu. As a second

step, a complete set of formulaes for the dynamic matrices calculation is presented.



I. INTRODUCTION

The calculations based on the density-functional theory (the so called first-principles
calculations) are now commonly carried out for solid-state systems. Although the basic
results of such calculations are the electronic structure and the total energy of the ground
state, many other related physical properties can be obtained from them. In particular,
the first and the second derivatives of the total energy with respect to the atomic displace-
ments (atomic forces and phonon dispersions correspondingly) can be calculated directly,
i.e. without numerical differentiating of the energy.

The important application of the atomic forces consist in the geometry relaxation of the
complex crystal structures. While, the relaxation can be accomplished by directly calculating
the total energy for different atomic geometries and finding the equilibrium geometry using
some fitting procedure, such an approach is not an efficient one, especially for large systems.
A better approach is to calculate the atomic forces rather than the total energy since the
former gives much more information for using in the process of geometry relaxation.

Accordingly, it is standard in many electronic structure methods to calculate and use
atomic forces to relax the coordinates of atoms. However, until quite recently the force
calculations were used only with the pseudo-potential approximations and with plane-wave
representations for the wave functions, charge density and potential. In the all-electron
methods, such as linear-muffin-tin-orbital method (LMTO) and linear-augmented-plane-
wave method (LAPW), the atomic force calculations are complicated by the dependence
of the basis set on the atomic position. Nevertheless, the formulations of the theory for
force calculations in the LMTO! and LAPW?™ have been given in the last years. All these
formulations, however, are non-relativistic (scalar-relativistic) and the application of them
to the heavy elements will give some error.

In the present report the fully relativistic generalization of the formulation, developed
in [2] is given. This methodology is used to estimate the effect of geometry relaxation on
the calculated ground state properties of a-Pu. To be more exact, in the first report on
the contract B530324 the calculated total energy of a-Pu as a function of volume had been
presented, and the ground state properties had been calculated. However, these calculations
had been carried out at a fixed geometry, corresponding to the experimental one at P =

0. The crystal structure of a-Pu has, however, many structural parameters, and their



dependencies on the volume can be different. Thus, if the geometry relaxation is performed
in the calculations, the ground state properties can be different with respect to the ones,
calculated at fixed geometry. This question for a-Pu has already been investigated by
Sadigh et al..® They used both the full potential linear muffin-tin orbital (FPLMTO) and
the projector augmented-wave (PAW) methods. The relaxation of the structure in the
nonmagnetic PAW treatment increased the atomic volume by 3% and improved agreement
with experiment. However, the relaxation of the structure in magnetic PAW treatment
decreased the atomic volume and led to some deterioration in agreement with experiment.
In the FPLMTO treatment only the parameter ¢/a was optimized, and the results appeared
to be very close to the experiment.

In the present work, only the atomic force calculation has been carried out at each volume.
Full geometry relaxation has not been performed, because the RSPFLAPW method is very
time-consuming and the above task is much out of our computational resources. Instead of
that, the dependence of the calculated forces on the volume have been used to assess the effect
of geometry relaxation on the ground state properties of a-Pu, which were corresponded in
the first report.

The phonon spectra (lattice dynamics) are essential in many applications and ab-initio
calculations of them could provide insight into many problems, such as the construction
of the equations of state and the study of the superconducting properties (if the electron-
phonon interaction is calculated after the phonon spectrum has been calculated). The
most successful approach for the phonon spectra calculations (LR - linear response) has
been introduced by Baroni et al..” In this approach, the self-consistent response to the
external perturbations is obtained by iteration, much as the charge density and potential are
obtained in the usual self-consistent band-structure calculations. Similar to the atomic forces
calculations, the majority of the linear-response calculations so far employ plane-wave basis
functions. The use of a plane-wave basis set simplifies the formalism and implementation.
However, plane-wave basis sets are not efficient for many chemical elements with spatially
localized distribution of the charge density. With a view towards the applications to such
materials, the LMTO® and LAPW? methods were generalized to include the possibility of
phonon spectra calculations.

The present report contain the fully relativistic generalization of the nonrelativistic ap-

proach, developed in the Ref.[9]. The equations are given for the non-spin polarized case



only, partly because the calculations for the non-magnetic a-U are planned as a first applica-
tion, and partly because the magnetic case requires some special treatment (the time-reversal
symmetry, heavily used in this work, is absent in the magnetic case, and it must be replaced
by more general type of symmetry).

The report is organized as follows. In section II the method for atomic forces calculation
is presented. The calculational parameters and results of the forces calculations for a-Pu are
presented in section III. The relativistic variant of the linear-response theory is presented
in section IV and formulaes for dynamical matrix calculation are given in section V. Lastly,

in section VI the conclusions and future plans are offered.

II. ALL-ELECTRON RSPFLAPW FORCES

In this section we shall find the general atomic force within the relativistic spin-polarized
density-functional formalism. We shall assume that the charge density n(r), magnetization
m(r), effective potential V.;s(r), and magnetic field B(r) are self-consistent. The total

energy is given'” with the equation (in atomic Ridberg units):

Q

E[n, m] :kaAEA(k)_/ern(r)Veff(r) —/Qd?“m'B(T)+/d7“”(7°)Vext(T)
+/dr/d7‘l%+Emc[nam] + Epn, (1)

where () is the volume of the unit cell of a given solid, fg) are the number of occupation
for the one-particle state with wave vector k and with band index A, and E,(k) indicates
the band energy. The term V,,,(7) designates a scalar external potential, representing the
nuclei electrostatic potential. The fifth term is the classical Coulomb energy. The term F,.
gives the exchange and correlation energy, which is a functional of n(r) and m(r), and the
last term FE,, is an energy of nuclear-nuclear repulsion.

The band energies E, (k) defined from the equality

EA(k)/erxp;(k,r)%(k,r) :/er\l/;(k:,r) [ﬁkm+mff(r)+ﬁ&~3] Uy(k,r), (2)

with the Dirac kinetic Hamiltonian H, rin, defined as
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where ¢ is the velocity of light (¢ = 274.074 in Rydberg units), p is the momentum

operator (= —iV), and the three operators, a, 3, and I, denote the standart Dirac 4 x 4
matrices.
The scalar effective potential V. ;;(r) is defined as

whereas the effective magnetic field B(r) is obtained as

SE . [n(r), m(r)]
om(r) ' (5)

The charge density, n(r), and the magnetization m(r), are defined using the Bloch

B(r) =

functions W, (k,r) by

n(r) = kaquJf\(k’r)\IjA<kvr)’ (6>
and
m(r) =Y finUl(k r)3oUs(k,T), (7)

respectively. Here, o denotes the 4 x 4 matrices, which are composed of the Pauli matrices

g as

0
o= . (8)

Let us consider the first order correction to the total energy (1) when the crystal is
perturbed by the periodic displacement @y, (t designates the atoms in the unit cell, « is the

polarization):

510 Eln, m] = kZA Frndon Bx () — /Q Arn(r), Vi (r) — /Q drm - 6,0 B(r)

—|—/ drn(r)ém‘/emt(’r') + 6taEnTL7 (9)
Q



In deriving the above equation we used the self-consistency as well as the equality

StaEre[n, m| = /er [01an (1) Vae(T) + 0tam(r) - B(T)], (10)

Also, the term containing the change of the occupation numbers vanishes as follows from

the relations

5tosz:)\ — 5(EF - E)\(k)(gtaEF + 75tozE)\(k> — 5(EF - E)\(k) [6taEF - 5tozE)\(k)] y (11)

and

> St finEAK) = 6(Ep — Ex(k) [6iaEr — 61 Er(k)] Ex(K)
kX kX
=Ep Y _6(Ep — Ex(k) [0uEr — 6iaEx(K)]
kX

= EF Z 6to¢.fk/\ = EthaNel = 07 (12)
kX

It is necessary to notice that the first order correction for the coordinate depended vari-
ables, consist of two terms:' the so called "soft” contribution (on - for the charge density)
and the so called "rigid” term, that goes merely from the fact that our coordinate system is
position dependent. Thus, for example (inside the MT-spheres): dn = on — Vn.

The contribution from the first term in (9) is divided into core and valence terms. For

the valence states we have

Sy Ex (k) = /

dsS, [‘I’T\(k, T)ﬁkm‘l’,\(k, 'r)’MT - ‘I’T\(k?, T)ﬁkm(‘y,\(k, T')|Inti|
St

+/dr5m\11§(k,r) [FI—EA(k} %(k,r+/drqf§(k,r) [ﬁ—Ek(k} 51U (K, 1)
Q Q
+/drm(k,r)|25mmff, (13)
Q

where the surface integral is taken over the boundary of MT-sphere and it represents the
relativistic analog to the nonrelativistic contribution? from the discontinuity at the sphere

boundary.



The core states, being low lying in energy and localized around the nucleus, are described
in our approach by neglecting the nonspherical potential and by neglecting the magnetic

splitting at all:

Hyin + Vi ()| W) = B2 (), (14)

where index ¢ is used for numbering the core levels.
Taking advantage of the fact that the wave functions for the core levels are exact solutions
of (14) and that they equal to zero at the sphere boundaries, we arrive to the following

equality

R O A (15)

In deriving the above equation we havet also taken into account the fact that the integra-

tion in (15) is performed only over the MT-sphere, which is shifted itself. So, the "rigid”
variation VV.s is cancelled for the core levels.

Substituting the Eqs.(13) and (15) in Eq. (9), we arrive to the following expression

SiE Z fia / A5 [0 (ke ) B U (R, 1) ar7 — W (R ) i W (K, ) 1]
+/ drd, Ul (k, 7)[H — Ex(k]Ux\(k,T) +/dr\p§(kz,r)[1§r — EA(k}ém\Il,\(kz,r)}

+/ d’l"nc('f‘)vav;ff('r’)‘i“/ drn(r)(sta‘/ext(r)+5taEnna (16>
Qt Qt

To further simplify the above expression, it is necessary to consider explicitly the first

variation of the valence wave functions. Keeping in mind the expression!?

Uy(kyr) =Y AF (k)0a(k+ G.s;v) + > By (k)Y (k;r) ZCJ (k;7), (17)

Gs tn

where the basis functions of all types (local and plane-wave) were unified, we obtain

SraUn(ky )|y =) 0, C (k)7 (ks )

j/

+ow |ikaUa(kyr) +1 Y GoAS (K)Pa(k + G, 5;7) — Vo Ua(k,7) | | (18)
Gs



where the terms inside the square brackets are present only inside the MT-sphere. If we
substitute this equality in (16), the contributions with JC' are cancelled due to the matrix
equation } ., (H;jy — EQ;;)Cy = 0. The contribution from the term ik, ¥x(k,7) in (18) is

also cancelled and, after some transformations, we arrive to the expression for the forces

Fta = _6taE[n7m] = - ka)\
kX
X {—12 G ALG (k) /Q drdl (k + G, s;7)[H — E\(k)| U\ (k, )
Gs t

+Y GLAS (k) / drWl (k,7)[H — Ex(K)|®s(k + G',s';7)
G,Sl Qt

- / A5, U (e, ) [ Hon — Ex ()]0 (K, T)W}
St
+/ drVers(r)Vanpa(r) — / drn(r)VoVess(r) — / drn (7)o Veut (1) + 00 Enn, (19)
Qt Qt Qt

where the last two terms represent the so called Hellmann-Feynman (HF) contribution
to the force, and other terms are contributions that arised from the position dependence of
the basis and from the the discontinuity of the basis functions at the MT-spheres.

It is easily to see that the HF contribution is the gradient of the Coulomb potential at

nucleus multiplied with its charge Z,:

thF = _/ dfrn(r)(stoz‘/ext(r) ‘|’ 5taEnn
Q¢

n(r) Zy
d _
/Q""|t—r| DB

Rt

0
- QZt

Ot = ZiVo VO (r) o= (20)

The another integrals in (19) have some equivalents in the usual band structure calcula-

tions and can be evaluated analogously to them.

III. RESULTS OF CALCULATIONS OF THE FORCES FOR o-PU

The calculations have been performed with the full potential, Dirac relativistic (j, k) ba-
sis, linear-augmented-plane-wave method (RFLAPW+LO)!? in accordance to the equations

described in the section II. The generalized gradient approximation!! has been used for the
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FIG. 1: Absolute values of the atomic forces versus relative volume. Vj is the experimental equi-
librium volume at room temperature. The numbers in the picture indicate the different types of

the atoms.

exchange and correlation in this work. The parameters of calculations were the same as
in the work [12]. The magnetic structure with the lowest energy (AFMI - as it had been
called in [12]) was chosen for calculating the forces. The abbreviation AFM1 belongs to the
magnetic structure of antiferromagnetic type in which the atoms, related by the symme-
try operations (equivalent atoms) have the same values and directions of the moments, but
the values and directions of the moments on the nonequivalent atoms are generally speak-
ing different. The coordinates of the atoms in the unit cell of a-Pu have been taken from
Ref.[13].

The calculations have been carried out at four different volumes with V/Vj equal to
1.00,0.95,0.9, and 0.85, where 1}, is the experimental volume of a-Pu at room temperature.
The results of the calculations are presented in the figures 1 and 2.

In the figure 1 the volume dependence of the forces acted on each of the nonequivalent

atoms in unit cell is shown. And in the figure 2 the sum of the absolute values of the forces
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FIG. 2: Total energy (left) and sum of the absolute values of forces over the atoms in the unit cell

(right). Vj is the experimental equilibrium volume at room temperature.

over all the atoms in unit cell is presented versus relative volume (right picture). On the
left picture in the figure 2 the total energy as calculated in [13] is shown for convenience.

Two things can be followed from these results. First, it seems from the figure 2 that at
the relative volumes larger than near 0.94 the compressibility of the crystal must not be
strongly affected by the structure relaxation, because the sum of the forces is practically
independent on the volume in this case. Second, at smaller volumes the effect must be
present and the smaller volume is the larger must be the lowering of the energy. So, it seems
that the relaxation will not expand the calculated equilibrium volume and, thus, will not
improve the agreement with the experiment. The same conclusion for magnetic calculations
has been given in the Ref.[6] where the full geometry relaxation has been carried out.

It clear, however, that with such an information as presented in the figure 2, one can
give only the qualitative conclusions about the effect of geometry relaxation. To give the

quantitative conclusions, one needs the full structure relaxation.

IV. DENSITY-FUNCTIONAL LINEAR RESPONSE

We now introduce an external perturbation with the wave vector q to the system:

Atr(q) = QteiqR + Q;‘e_iqR, (21)
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where R are the vectors connected with the unit cells of the crystal.

This "phonon” generates a first-order change in the external potential

Z,
Vulr) = S QU QI @

or

AW ZQta Ver(7) + D Q16 Ve (r) (23)

The same expression can also be written for the effective potential

AVeps(r ZQt5 Vers(r +ZQt(5 Vers(r) (24)

The first order change in the charge density (LR—hnear response), induced by the pertur-
bation (24) is represented in the same form, i.e. Aln(r) =>7, Q0 n(r)+> ., Q6 n(r) and
it is expressed in terms of the one-electron wave functions and their first-order corrections

as follows:

5En(r) = 3 fir {050 (e, 1) Wb, ) + W (K, )50, (K, 7) |

kX

=2 finUl(k, 7)6T 0, (k, ), (25)
kX

where we used the time-reversal symmetry. The first order correction §~W,(k,r) is a
Bloch wave with wave vector k — g and it is the solution of the linearized Schodinger-type

equation:

(H — E)\(k))é_q/)\(k, T) + ((5_Veff — (S_E)\(k))\l’)\(k, T) =0 (26)

where the change in the effective potential can be found as

, o0 n(r’) OV
lr—r'|  On

G V(r) =0 Vew(r) + 2/ dr’ dn(r) (27)

The Egs. (25)-(27) must be solved selfconsistently. This is analogous to the selfconsis-
tence circle in standard band-structure calculations.

Now we have to provide some details of the solution of the above equation.

11



A. First order correction to the wave function

In this subsection some explicit formulaes for the first order corrections to the wave
functions will be given. First of all, the equation (18) must be modified to take into account
the fact that the perturbation is now non periodic, but it has a wave vector q. So, in the
0~ W the components with wave vector k — g must only be retained. In the unit cell R and

within the MT-sphere of atom t it will be read as

0 U (ko )| e = 253 3 (k)7 (k — g;7)
+5ﬁ,eﬁqR{z’ka/wk, ) +iY  GuAS (k)Pa(k + G, s5;7) — Vo Uy (K, r>}, (28)
Gs

Let us define also the ”contracted” forms of the correction. Namely, the one without the

gradients in the MT-spheres:

0k U (ky )| = 255 3 (k)7 (k — g;7)
+6tt,eiiqR{ika/\I/,\(k, r)+iy Ga/Afs(k)(bA(k + G, s: r)}, (29)
Gs

the one without the variation of the coeflicients:

gtj/:a/\p)\<k, ’I") |Rt — (5tt/eiiqR
x {ika/%(k, )+ Y GuAF (k) DAk + G, 5:7) — Vo Uy (K, 'r)}, (30)
Gs

and the one without the gradients and the variation of the coefficients:

vt

5o Uy 1) | e = 5tt/eiiqR{ika/\II,\(k, r)+i> QoA (k)ak + G, s r)}, (31)
Gs

In the interstitial region the expression is simpler

‘51&' ARy 7)1t = Zdi AGS("’)‘I)A("’ —q+G,sr) (32)

12



B. First order variational coefficients

In this subsection some details on the derivation of the first order variational coefficients
will be given. In view of the fact, that the perturbation 6~V leads to the first order correction
0~ W, which translates with the wave vector k — g, it is convenient in the following to use
the Hamiltonian (H) and overlap matrices (O) defined in the space spanned by the basis
functions at both k and k — q points. For the unperturbed system, the matrix elements
(k,k—q) and (k — g, k) vanish, and the eigen vector corresponding to the eigen value F) (k)

has (k — g)-components equal to zero:

H 0 O 0 Ch(k
o —Ek) [ B (33)
0 Hk:—qk—q 0 Ok—qk—q 0
When a perturbation with the wave vector k — q is added to the unperturbed system, the
Hamiltonian and overlap matrices are modified in the elements (k,k — q) and (k — q, k).

Linearizing Eq.(33), we find

(S_Hkk, (S_Hk,k_q 5_Okk 5_Okk—q C)\(ki)
— E)\(k)
6_Hk—qk: (S_Hk_qk_q 5_Ok—qk 5_Ok—qk—q 0
H 0 @) 0 0
_ kk . E)\(k) kk
0 Hk:—qk—q 0 Ok—qk—q (S_C)\(ki)
O 0 Cy(k
+OENK) [ TR (k) (34)
0 Ok—aoq 0

From the above system, one can find the first-order eigenvalue:

6" Ex(k) = Y C5 (k) |07 Hil, — Ea(k)5~Of | € (), (35)

which vanishes except for g = 0.

From this point we will suppose that g # 0 in our considerations. The case with exactly
g = 0 can be treated in parallel with the degenerate case, as indicated in Ref.[9]. The
particular formulaes for the degenerate case will be given with special consideration further.

From Eq.(34), one can also obtain the equation for the first-order variational coefficients:

13



|:Hl]<;‘j—/qk—q - E/\(k;)ogcjlqk—q} 6_0;7\/(’{)

v

J

== [ HE g~ B O] € ) (36)

j/
Expanding §~C) (k) in (36) over the full set of the eigen vectors of the generalized eigen

value problem (Hg—_q k—q; Og—qk—q), We have (writing down the indexes explicitly):

HY'Y (k) — Ex(k)OLY (k)
_ u)\ BA _
5., Ch (K Z Exh)  E.(k—q) C,(k —q) (37)
where
HY (k) = C7 (k — q)6,, Hy C3 (k)
Ji’
- / dr [5;,&,\112(1{: —q,r)HU,\(k,r) + \I/L(k — q,r)f[gt_/a/\IIA(k,r)]
Q
+ g d’r\I/L(k: —q,7)0,, Verr(r)Va(k,T)
+ / s [@L(k — q,7) HyinUp(k, 1) | arr — Ul (k — g, 7) i U (K, r)w (38)
S,
and

0L (k) = Ci(k — q)0,, 08 . C3 (k)

LA
73’

_ / dr [6,, U1 (k — q,7)Ux(k,7) + Ul (k — q,7)0;,,Us (K, 7)] (39)
Q

t/
Making use of the time-reversal symmetry and the hermiticity of the Hamiltonian and

overlap matrices, it can be proved that both H,(k) and O, (k) have the property

HY (—k +q) = H. (k) (40)

In the equations (38) and (39) there are the gradients of the effective potential and
the gradients of the basis functions. Thus, they are not very convenient for the practical

calculations. However, by using the Gauss theorem, these equation can be simplified:

14



A

nA

m%%wimm@w%waédﬂ@wﬂw—quﬁ—&m»%mm>

!
A

10 (k — @, 7)(H — By(K))dy0 Wa(k,7)|

+/Qd7'\I/L(k—q,r)5t7a, crr(r)Wa(k,r)

t

t/

In the above equation the gradients are absent.

C. Construction 6 n

Using (28) in (25) we have for the linear response inside the MT-spheres:

Spron(T)]e =2 fin Ui (K, r){z 5,.,CY (k) (k — q;)
5} 3’

How | > (G AT (k)P a(k + G, 5's7) + ko Up (K, 7)

G's’

and in the interstitial:

Spon(r) =2 fia Uk, 1) Y 6,0, AT (k)Pa(k — g + G, s';7)
kX G's!

—/S dS. Vi (k — q,7)[Vers — Ex(k)Ua(K,T)

_/s dSa Tl (k — q,7) HyinUr (K, 7) |1

_5tt’vo/\11)\(k7 T)}7

(41)

(43)

It is followed from (42) that indeed we can write for the linear response within the spheres:

S n(1)]e = 05 (1) — 8 Vrn(r),

(44)

The expressions (42) and (43) are valid if no degeneracy occurs in the calculations. If

the valence state (u, k — q) is degenerate with the state (A, k), it cannot be calculated in

the perturbative expression (37). Let us consider such a case with more details. Using (37),

15



we may rewrite (43) or the part of (42) with 6~ C as follows (we consider only the states
(1 ke — q) with B, (k — q) = Ex(k)):

HY (k) — Ex(k)OLS () o
/\Ek(k) - E,(k— )(\1) Cu (k—q)d (k—q;7)

2kakqf (k)Y >

I wELT=EY)

:2ka>\\lfi<k,?“) Z
kX

k—
H(Eu q:EI)f)

H'Y (k) — Ex(k)O'S (k)
E\(k)— E,(k—q)

\If}\(kﬁ —4q, 'f’)

= (considering explicitly the states (1, —k + q))
H}3' (k) — Ex(k)O,5 (k)
Fin Ul (k) — 0, (k—q,T)
2 Ek){ R N R )

Hi (—k — E,(—k+ q)Oy% (—k
ot~k +q.m) ( +q() k:+<q) +q()—k)( Ly )}

= (making use of the time-reversal symmetry and property (40)
H}3Y (k) — Ex(k)O;5 (K
§ Y Ul (K, r) Uy (k — s s
fk)\ )\( ,T) )\( qar){ E)\(ki) Eu(k_Q)

A (BT I=E%)

)
)

H,{' (k) — Eu(k — q)0,5 (k) }
E.(k —q) — E\(k)
== Z Y Sk, r)0un(k)Ua(k —gq,r) (45)
WEBL~I=E%)
Equation (45) thus states that the coefficient in (37) for the degenerate levels must be
changed by —%Ogﬁ’(k:)

D. Construction §~V ¢y

The first order potentials consist of two parts: Coulomb and exchange-correlation. The

exchange-correlation part can be evaluated directly:

8ch
on
where we supposed the local density approximation (LDA).

5;0/%0(7") = 515_’a’n(r)7 (46>

Within the MT-spheres it is convenient to separate the term with the gradient of the

potential:
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8‘/1‘0 2 N

0oy Vae(T) | Rt = 8—n[5t,a,n(r) — O BT un(1)] = 0, Vie(P) — 07 IBY i Vo (1) (47)

The first order Coulomb potentials can be evaluated similar to the periodic potential® of
the unperturbed crystal. To calculate them in the interstitial region, we rewrite the Coulomb

terms in (27) as follows:

o, ) ,
5ya/Vem(7‘)+2/dr'M zz/dr/w
Q

o |r—71'] |7 =
Oyt (T") — Oyt (7)) i 9 Zy
5 dgrOra ta _ o-iaR 48
+%;{/9Rt " |7 — 7’| © otl, | r—R—1| (48)

All first order variations that present in the sum over MT-spheres in (48) contribute to

the interstitial first order potential only via their multipoles, which are defined as

Om1, 0 =
/ d'l"'(?“/)l}_/}m(r) [5t_,a,nMT(r’) — 5§a,n1nt(r’)} — thl,l 5m,—17 O/ =Y , (49)
Q4

Om,0, 0 =2

where Y, are real spherical functions.
So, we can replace these variations by smooth functions that are zero outside the spheres
and have multipoles equal to multipoles (49) of the true functions. A convenient choice is

to use a polynomial form?®

1 r\! 2\ _
n = m——s | = 1— =) Yi(r), 50
i) =X Qg () (1-55) Tl (50
where S} is radius of the sphere.

This form has (N — 1) continuous derivatives and an analytic Fourier transform. The

corresponding multipole moments are

2V N1(21 + 1)
(20 + 2N + 3)1!

From (49) and (51) we can find the values @;,,,. Once this is done, we can determine the

(51)

Fourier transform 0~ g of these smooth functions and rewrite the Eq.(48) as following
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87T(5z€_’a’nG + 5t’a’nG i(G— Coul i(G—q)r
=> ‘G ql’ —ar Zat, el(G—1 (52)
G

Having determined the first order Coulomb potential in the interstitial region, we can
proceed with the derivation of it within the MT-spheres. To do that we must to integrate
Poisson’s equation in each sphere with true first order charge density. Since we have already
become the first order Coulomb potential in the interstitial region, the boundary condition
on the surfaces of the spheres is known. Writing the gradient of the Coulomb potential

explicitly, we have for the first order Coulomb potential within MT-sphere:

5 VCoul( )‘ — _5ttlvalvcoul(,r,)
" St 5 M (1)
l / 9 l o lm ;
TH—I/ (r )+25t’ M (r')dr” + 7 / t(,r/)l—l dr

The(E) @

The coefficients V},, are defined from the condition that the above expression is equal to

+ 5

lm

the interstitial first order Coulomb potential (52) on the surface of the sphere.

V. DYNAMICAL MATRIX

To obtain an explicit expression for the dynamical matrix we consider the second order

correction to the total energy after the perturbation (21) has been introduced to the crystal:

8 Etot ’
A? Eior = N Z Z It ———Atr(q)Aty(q) (54)

~ o, OtRaOl R o
Defining the force matrix
82E1tot

V Rt — 7~ 55
v = (55)

we have
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1 * —1 * i
A2Eltot = 5 Z Z QtocQt’o/ Z Vbta;Pt’a’e P + QtaQt’a’ Z Vbtoz;Pt’o/e P
ta t'a' P P
- Z \Y mtmt’Qtoch’a’Dta;t’a’ (q)a (56)

tast' of

where we used the standard definition of the dynamical matrix through the force matrix

Dta;t’a’ (q) = Z %toz;Pt’o/eiiqP (57)
P
From Eq.(56) we see, that
1 62Et0t
Diorer(q) = 58
boxit <q) A/ Ty 3@1;&8@;‘/&/ ( )

The first order derivative can be obtained analogously to the derivation of the Eq. (19)

in the case ¢ =0

OE,, i
o =X 3

R

{_1; GAG (k) /Qm drd' (k + G, s;7)[H — Ex(k)|V,(k, r)

+HY  GAST (k) /Q drl (k,r)[H — Ex(k)|®a(k + G, 5" 7)
G's Rt

_/S A8 (k, 7)[Hiin — Ex(R)] (K, 7)1}

R
_/Q ArVes 1 (r)Viea(r) + /Q drne(r)VVess(r) — ZiVaVeout(7) | r=rt (59)

Rt Re

Let us now consider the second variation for each term in (59) separately.

A. Hellman-Feynman contribution to the dynamical matrice

The second variation of the HF contribution (20) gives

vV mtmt’Dg;}z/a/<q) - _Ztvaéga/‘/'coul(r)|r=t - _Zt vag,;a/%oul(r) - 6tt’vava"/coul(r)j| "r:t
(60)
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B. Core contribution to the dynamical matrice

In deriving the formula for the core contribution it is important to keep in mind that the
corresponding first order contribution in (59) is depended on the position of the MT-sphere.
Thus,

vV mtmt’Dfa;t’a'(q> = / dr [(&ZM”C(’M - 5tt’va’n0('r>> VaVer(r)

Q
)V (3 Vo) = OV Vop )|
48 [ ArV n(r)VaVigy(r)

Q¢

= /Q dr [5§afnc(7')va‘/eff("‘)+nc("°)Va5t7afVeff("“)] (61)

C. Valence contribution to the dynamical matrix

Valence contribution is obtained similarly to obtaining the core contribution:

dr [Sivt}?x"‘)vanval(r) + Vv@ff(r)VOtginf)lﬁl (T)] (62)

e

\/mtmt'ng;lm/(Q) = —/

Q¢
D. Surface contribution to the dynamical matrix

Let us consider the contribution to the dynamical matrix from the surface term in (59).

Vi Dintid o (@) = = fiea / ds, [(S;Q,\Ifi(k:, ) (Hyin — Ex(k)) U (K, T)| 10t
kX St

0L (e, ) (Hlin — B (k)50 (R, ) |

= (changing k < —k in the first term and using the time-reversal symmetry)

A5 705 O, ) (H = B (k)W (e, )
F UL, ) (Bl — B (k)30 (R, Pl (63)

Now let us consider the degenerate case E,(k — q) = E\(k). With the Eqn.(37) we will

consider explicitly the (—k + g)-term in the above equation and with p-sum including only
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the degenerate levels:

sur f _ _1 EEIS/(k) - E)\(k)ézs\]/(k)
Dyt (@) = =3 %:Z{fm k)~ Euh—q)

M

<[4 [WE 0 = ), — B3 k)l
St

+ U (b, 7) (Hyin — Ex(K)V,(k — q,7)| 1t

H{®(—k+ q) — E.(—k + q)O{% (—k + q)
E.(—k+q) — Ex(—k)

< [ 4 [ (k) (B, — B~k + @)U~k + 4.1l
St

+f—k+qu

+ 0! (—k + @, 7)(Hiin — Eu(—k 4 )05 (—k, r)\m] }

= (making use of the time-reversal symmetry and property (40) )

=S {5088 0 [ S Wk = @.1) (R~ B RDUS K)s
kX g St
0 (k,7) (Hyan = E(k)) ¥, (k = q.7)] e

— [HiY (k) = Ex(k)OS (k)| [ dSaWh(k, )V, (k — @, 7)1t
St

(64)

The first integral in the above equation obtained simply from (63) if we replace the

coefficient in (37) for the degenerate levels by —%ijg’ (k) as we already noticed after Eq.(45).

The equation (64) thus states that there is an additional contribution from the degenerate

levels as given by the last term in (64).

E. Band contribution to the dynamical matrix

Consider now the contribution to the dynamical matrix from the first two terms in (59).

Using definition (31) and time-reversal symmetry, we can rewrite this first order variation

as

band
aE tot

T D etaRy ka{ /Q dré;xp;(k, r)[H — Ex\(k)| W, (k, )
tex R 3 ¢

/Q At (K, 7)[H — Ex(K)]5,. W (K, r)}
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— Ze_iqRZ ka{/Q drgz;\lff(k:, r)[H* — E\(k)|V%(k,7)
R 3 t

/Q At (K, 7)[H — Ex(K)]5,. W (K, r)} (65)

Performing second variation we arrive to the band contribution to the dynamical matrix

o v+ A
Vi D (q) =y ka{ /Q A1 (850,05 (e, ) [ — Ex (k)5 (K, 7)
kX i

v

~ y v+
FU (k) [H = BB 0¥ (k)| +

/ dr [5,, WL (k. 7) [ = B (k)6 W, )
Q
o N ot
o U (k) 17 = By(R)]0,, 03 (k. )|

2+ o
b [ S W k) Vg W )
Qy

o v+
—i—/Q dr\I’:f\(k,T)(sﬂa,veff@aqf)\(kﬂ")}a (66)

where

5T : - Gs
(5t’a’5taq}>\(k? r)‘t = 1Z(k —q-+ G)aét/a’AA (k)q)A<k —q+G,s; 7')

Gs

Hik =)o > 0y BY (K)OE (k — q;7)

0[Sk + Ghalk + G o AT (R)Da (K + G 5:7)
Gs

thaka > By (k)Y (k: r)] (67)

Let us now consider the degenerate case. Special treatment is needed only for the first
and second integrals in (66). And there is contribution only from the terms that contain the

o <+
variation of the coefficients. Corresponding part of ¢,,,9,,V(k,r) is

DY (k= g+ G)abyy AT (k)0a(k — q + G, 5;7)
Gs

Hi(k = Q)a > 0y BY (k)2 (k — q;7)

HYY' (k) — E\(k)OLS (k) w+
- Z ME,\((k)) _ E/\M((k? _uq)( )5t’a'\11u(k —q,7), (68)
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where we used (37) and (31). The part with singularity in gt_,a,\lf Ak, T) is

> G AT (kK)Ou(k — q + G, s;7) + Z 5 B (k)d(k — q;7)

oY (k) — Ex(k)OLY (k)
= Z Bk B g Fmar) (69)

Using (68) and (69), and similar to the consideration of degeneracy in the case of surface
contribution, we obtain from (66) that 1)the coefficients at the degenerate levels in the

expansion (37) must be replaced with —%OZQ’(I{:), and 2)there is an additional contribution:

pONE B3 (k) = Ex(R)OL (k)|

v+ <
X [/Q dr\If:r\(k,r)éta\I/H(k —q,r) —l—/ dr5ta\I/§(k, r)¥,(k—q, r)} (70)

Q¢

VI. CONCLUSIONS AND PLANS FOR THE FUTURE

In summary, the relativistic formulations of the ab-initio calculation of the atomic forces
and the phonon spectra with full-potential linear-augmented-plane-wave method are pre-
sented in this report. The atomic forces, calculated for the a-Pu, have been used to esti-
mate the effect of geometry relaxation on the ground state properties of a-Pu. The program
code with the possibility of the calculation of the phonon spectra is now under testing. The
results of these tests and the calculation of the phonon spectrum of a-U are planned to be

included in the next report.
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